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QUANTUM EXCHANGEABLE SEQUENCES OF ALGEBRAS
STEPHEN CURRAN
Abstrat. We extend the notion of quantum exhangeability, introdued by Köstler and Spe-
iher in [9℄, to sequenes (ρ1, ρ2, . . . ) of homomorphisms from an algebra C into a nonommutative
probability spae (A,ϕ), and prove a free de Finetti theorem in this ontext: an innite quantum
exhangeable sequene (ρ1, ρ2, . . . ) is freely independent and identially distributed with respet
to a onditional expetation.
As in the lassial ase, the theorem fails for nite sequenes. We give a haraterization of
nite quantum exhangeable sequenes, whih an be viewed as a nonommutative analogue of the
lassial urn sequenes. We then give an approximation to how far a nite quantum exhangeable
sequene is from being freely independent with amalgamation.
1. Introdution
A sequene of random variables is alled exhangeable if its joint distribution is invariant under
permutations. De Finetti's theorem states that an innite exhangeable sequene is independent
and identially distributed after onditioning on the exhangeable σ-algebra. This was originally
proved for numerial random variables by de Finetti, but holds even for random variables whih take
values in any Borel spae. On the other hand, nite exhangeable sequenes need not be ondition-
ally independent and are instead haraterized as mixtures of urn sequenes obtained by sampling
without replaement from a nite set. However, if the sequene (X1, . . . , Xk) an be extended to an
exhangeable sequene (X1, . . . , Xn) where n is muh larger than k, then (X1, . . . , Xk) is approxi-
mately onditionally independent. This statement was made preise by Diaonis and Freedman in
[6℄, where it was shown that the variation distane between the distributions of (X1, . . . , Xk) and
the nearest sequene of onditionally independent and identially distributed random variables is
bounded by k(k− 1)/n. For a onise treatment of these and related results, see the reent text of
Kallenberg [8℄.
In [9℄, Köstler and Speiher disovered that de Finetti's theorem for numerial random variables
has a natural free analogue if one replaes exhangeability by the stronger ondition of invariane
under quantum permutations. Here quantum permutation refers to the quantum permutation group
As(n) of Wang [16℄, whih is a nonommutative version of the permutation group Sn. As in the
lassial ase, the theorem fails for nite sequenes, as demonstrated in [9℄ by an example whih
an be viewed as a nonommutative analogue of the lassial urn sequene.
In this paper we extend the free de Finetti theorem of Köstler and Speiher to sequenes of alge-
bras, whih orresponds to allowing more general state spaes. The framework is a unital ∗-algebra
C, a nonommutative probability spae (A,ϕ), and a sequene (ρi)i∈N of unital ∗-homomorphisms
from C into A (see 2.5 for motivating examples). The joint distribution of this sequene is the linear
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funtional ϕρ on C∞ = C ∗ C ∗ · · · , the free produt (with amalgamation over C1) of ountably
many opies of C, dened by ϕρ = ϕ ◦ ρ where ρ = ρ1 ∗ ρ2 ∗ · · · . Suh a sequene will be alled
quantum exhangeable if for eah n, ϕρ is invariant under quantum permutations of (ρ1, . . . , ρn).
We will prove the following free de Finetti theorem in this ontext:
Theorem 1.1. Let (ρi)i∈N be an innite sequene of unital ∗-homomorphisms from a unital ∗-
algebra C into a W∗-probability spae (M,ϕ). Then the following are equivalent:
(i) (ρi)i∈N is quantum exhangeable.
(ii) There is a W
∗
-subalgebra 1 ∈ B ⊂ M and ϕ-preserving onditional expetation E :
W ∗(ρ(C∞)) → B suh that the sequene (ρi)i∈N is freely independent and identially dis-
tributed with respet to E.
In the ase that C = C〈t, t∗〉, this is equivalent to the main result in [9℄.
As mentioned above, the free de Finetti theorem fails for nite sequenes. We will show that, as
in the lassial ase, any nite quantum exhangeable sequene an be represented as a nonom-
mutative urn sequene of the form given in [9℄, with respet to a ertain onditional expetation
(see Proposition 4.10). We then onsider the question of how far a nite quantum exhangeable
sequene is from being free with amalgamation. We will prove the following approximation:
Theorem 1.2. Let (ρ1, . . . , ρn) be a quantum exhangeable sequene of unital ∗-homomorphisms
from a unital ∗-algebra C into a W∗-probability spae (M,ϕ). Let Mn be the W
∗
-algebra generated
by ρi(C) for 1 ≤ i ≤ n. Then there is a W
∗
-subalgebra 1 ∈ B ⊂Mn and a ϕ-preserving onditional
expetation En : Mn → B suh that if (φ1, . . . , φn) is a sequene of unital ∗-homomorphisms from
C into a B-valued probability spae (A,E) whih is freely independent and identially distributed
with respet to E, and suh that E ◦φ1 = E ◦ ρ1, then for any 1 ≤ j1, . . . , jk ≤ n and c1, . . . , ck ∈ C
s.t. ‖ρ1(ci)‖ ≤ 1 for 1 ≤ i ≤ k, we have∥∥∥∥En[ρj1(c1) · · · ρjk(ck)]− E[φj1 (c1) · · ·φjk (ck)∥∥∥∥ ≤ Dkn ,
where Dk is a universal onstant whih depends only on k.
We will atually prove a slightly stronger result, see Theorem 4.16.
The key to our approah is the ompat quantum group struture of As(n). We nd that for a
quantum exhangeable sequene (ρ1, ρ2, . . . ) of unital ∗-homomorphism from the unital ∗-algebra C
into a W
∗
-probability spae (M,ϕ), there is a natural onditional expetation given by integrating
the oation of As(n) with respet to the Haar state. By using the formula omputed by Bania
and Collins in [2℄ for the Haar state on As(n), we an give an expliit form for this onditional
expetation. The struture whih emerges from these omputations is the operator-valued moment-
umulant formula of Speiher [12℄.
The study of distributional symmetries in probability is a rih subjet, of whih de Finetti's the-
orem is just the beginning. The insight of Köstler and Speiher to onsider distributional invariane
under quantum transformations opens up many possibilities for further study. In partiular, we
have shown in [5℄ that operator-valued free entered semiirular and irular families with ommon
variane are haraterized by invariane under quantum orthogonal and unitary transformations,
respetively.
The paper is organized as follows: Setion 2 ontains notations and preliminaries. We reall
the basi denitions and results from free probability, and introdue the quantum permutation
group. In Setion 3, we prove a general result on extending oations of ompat quantum groups
on ∗-algebras whih preserve a state, whih will be required in the sequel. In Setion 4, we give a
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haraterization of nite quantum exhangeable sequenes and prove a stronger form of Theorem
1.2. In Setion 5, we onsider innite quantum exhangeable sequenes and prove Theorem 1.1.
2. Preliminaries and Notations
2.1. Notations. Let C be a unital ∗-algebra. Given an index set I, we let
CI = ∗
i∈I
C(i)
denote the free produt (with amalgamation over C), where for eah i ∈ I, C(i) is an isomorphi
opy of C. For eah i ∈ I, there is a unital ∗-homomorphism γi : C → CI whih is an isomorphism
onto C(i). For c ∈ C and i ∈ I we denote c(i) = γi(c). The universal property of the free produt
is that given a unital ∗-algebra A and a family (ρi)i∈I of unital ∗-homomorphisms from C to A,
there is a unique unital ∗-homomorphism from CI to A, whih we denote by ρ, suh that ρ◦γi = ρi
for eah i ∈ I. Likewise if ρ : CI → A is a unital ∗-homomorphism, we let ρi = ρ ◦ γi. We will
mostly be interested in the ase that I = {1, . . . , n}, in whih ase we denote CI by Cn, and I = N
in whih ase we denote CI = C∞.
2.2. Free Probability. We begin by realling some basi notions from free probability, the reader
is referred to [15℄,[11℄ for further information.
Denition 2.3.
(i) A nonommutative probabilty spae is a pair (A,ϕ), where A is a unital ∗-algebra and ϕ is
a state on A.
(ii) A nonommutative probability spae (M,ϕ), where M is a von Neumann algebra and ϕ is
a faithful normal state, is alled a W
∗
-probability spae. We do not require ϕ to be traial.
Denition 2.4. Let C be a unital ∗-algebra, (A,ϕ) a nonommutative probability spae and (ρi)i∈I
a family of unital ∗-homomorphisms from C to A. The joint distribution of the family (ρi)i∈I is
the state ϕρ on CI dened by ϕρ = ϕ ◦ ρ. ϕρ is determined by the moments
ϕρ(c
(i1)
1 · · · c
(ik)
k ) = ϕ(ρi1 (c1) · · · ρik(ck)),
where c1, . . . , ck ∈ C and i1, . . . , ik ∈ I.
2.5. Examples.
(i) Let (Ω,F , P ) be a probability spae, let (S,S) be a measure spae and (ξ)i∈I a family of
S-valued random variables on Ω. Let A = L∞(Ω), and let ϕ : A → C be the expetation
funtional
ϕ(f) = E[f ].
Let C be the algebra of bounded, omplex-valued, S-measurable funtions on S. For i ∈ I,
dene ρi : C → A by ρi(f) = f ◦ ξi. Then ϕρ is determined by
ϕρ(f
(i1)
1 · · · f
(ik)
k ) = E[f1(ξi1) · · · fk(ξik)]
for f1, . . . , fk ∈ C and i1, . . . , ik ∈ I.
(ii) Let C = C〈t, t∗〉, and let (xi)i∈I be a family of random variables in A. Dene ρi : C → A
to be the unique unital ∗-homomorphism suh that ρi(t) = xi. Then CI = C〈ti, t
∗
i : i ∈ I〉,
and we reover the usual denitions of the joint distribution and moments of the family
(xi)i∈I .
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2.6. These denitions have natural operator-valued extensions given by replaing C by a more
general algebra of salars. This is the right setting for the notion of freeness with amalgamation,
whih is the analogue of onditional independene in free probability.
Denition 2.7. A B-valued probability spae (A,E) onsists of a unital ∗-algebra A, a ∗-subalgebra
1 ∈ B ⊂ A, and a onditional expetation E : A → B, i.e. E is a linear map suh that E[1] = 1
and
E[b1ab2] = b1E[a]b2
for all b1, b2 ∈ B and a ∈ A.
Denition 2.8. Let C be a unital ∗-algebra, (A,E) a B-valued probability spae and (ρi)i∈I a
family of unital ∗-homomorphisms from C into A.
(i) We let CBI denote the free produt over i ∈ I, with amalgamation over B, of C
(i) ∗ B,
whih is naturally isomorphi to CI ∗ B. For eah i ∈ I, we extend ρi to a unital ∗-
homomorphism ρ˜i : C ∗ B → A by setting ρ˜i = ρi ∗ id. We then let ρ˜ denote the indued
unital ∗-homomorphism from CBI into A, whih is naturally identied with ρ ∗ id.
(ii) The B-valued joint distribution of the family (ρi)i∈I is the linear map Eρ : CI ∗ B → B
dened by Eρ = E ◦ ρ˜. Eρ is determined by the B-valued moments
Eρ[b0c
(i1)
1 · · · c
(ik)
k bk] = E[b0ρi1(c1) · · · ρik(ck)bk]
for c1, . . . , ck ∈ C, b0, . . . , bk ∈ B and i1, . . . , ik ∈ I.
(iii) The family (ρi)i∈I is alled identially distributed with respet to E if E ◦ ρ˜i = E ◦ ρ˜j for
all i, j ∈ I. This is equivalent to the ondition that
E[b0ρi(c1) · · · ρi(ck)bk] = E[b0ρj(c1) · · · ρj(ck)bk]
for any i, j ∈ I and c1, . . . , ck ∈ C, b0, . . . , bk ∈ B.
(iv) The family (ρi)i∈I is alled freely independent with respet to E, or free with amalgamation
over B, if
E[ρ˜i1(β1) · · · ρ˜ik(βk)] = 0
whenever i1 6= · · · 6= ik ∈ I, β1, . . . , βk ∈ C ∗B and E[ρ˜il(βl)] = 0 for 1 ≤ l ≤ k.
2.9. In [12℄, Speiher developed a ombinatorial theory for freeness with amalgamation. The basi
objets, whih we will now reall, are non-rossing set partitions and free umulants. For further
information on the ombinatorial aspets of free probability, the reader is referred to [11℄.
Denition 2.10.
(i) A partition π of a set S is a olletion of disjoint, non-empty sets V1, . . . , Vr suh that
V1 ∪ · · · ∪ Vr = S. V1, . . . , Vr are alled the bloks of π, and we set |π| = r. The olletion
of partitions of S will be denoted P(S), or in the ase that S = {1, . . . , k} by P(k).
(ii) Given π, σ ∈ P(S), we say that π ≤ σ if eah blok of π is ontained in a blok of σ. There
is a least element of P(S) whih is larger than both π and σ, whih we denote by π ∨ σ.
(iii) If S is ordered, we say that π ∈ P(S) is non-rossing if whenever V,W are bloks of π
and s1 < t1 < s2 < t2 are suh that s1, s2 ∈ V and t1, t2 ∈ W , then V = W . The
set of non-rossing partitions of S is denoted by NC(S), or by NC(k) in the ase that
S = {1, . . . , k}.
(iv) The non-rossing partitions an also be dened reursively, a partition π ∈ P(S) is non-
rossing if and only if it has a blok V whih is an interval, suh that π\V is a non-rossing
partition of S \ V .
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(v) Given i1, . . . , ik in some index set I, we denote by ker i the element of P(k) whose bloks
are the equivalene lasses of the relation
s ∼ t⇔ is = it.
Note that if π ∈ P(k), then π ≤ ker i is equivalent to the ondition that whenever s and t
are in the same blok of π, is must equal it.
Denition 2.11. Let (A,E) be a B-valued probability spae.
(i) For eah k ∈ N, let ρ(k) : A⊗Bk → B be a linear map (the tensor produt is with respet
to the natural B − B bimodule struture on A). For n ∈ N and π ∈ NC(n), we dene a
linear map ρ(pi) : A⊗Bn → B reursively as follows. If π has only one blok, we set
ρ(pi)[a1 ⊗ · · · ⊗ an] = ρ
(n)(a1 ⊗ · · · ⊗ an)
for any a1, . . . , an ∈ A. Otherwise, let V = {l + 1, . . . , l + s} be an interval of π. We then
dene, for any a1, . . . , an ∈ A,
ρ(pi)[a1 ⊗ · · · ⊗ an] = ρ
(pi\V )[a1 ⊗ · · · ⊗ alρ
(s)(al+1 ⊗ · · · ⊗ al+s)⊗ · · · ⊗ an].
(ii) For k ∈ N, dene the B-valued moment funtions E(k) : A⊗Bk → B by
E(k)[a1 ⊗ · · · ⊗ ak] = E[a1 · · · ak].
(iii) The B-valued umulant funtions κ
(k)
E : A
⊗Bk → B are dened reursively for π ∈ NC(k),
k ≥ 1, by the moment-umulant formula: for eah n ∈ N and a1, . . . , an ∈ A we have
E[a1 · · · an] =
∑
pi∈NC(n)
κ
(pi)
E [a1 ⊗ · · · ⊗ an].
Note that the right hand side of this formula is equal to κ
(n)
E (a1⊗· · ·⊗an) plus lower order
terms, and hene an be reursively solved for κ
(n)
E .
2.12. The umulant funtions an be solved for in terms of the moment funtions by the following
formula ([12℄): for eah n ∈ N and a1, . . . , an ∈ A,
κ
(pi)
E [a1 ⊗ · · · ⊗ an] =
∑
σ∈NC(n)
σ≤pi
µn(σ, π)E
(σ)[a1 ⊗ · · · ⊗ an],
where µn is the Möbius funtion on the partially ordered set NC(n). There are several ways of
haraterizing µn, for our purposes we use the expliit formula
µn(σ, π) =

0, σ 6≤ π
1, σ = π
−1 +
∑
l≥1(−1)
l+1|{(ν1, . . . , νl) ∈ NC(k)
l : σ < ν1 < · · · < νl < π}|, σ < π
.
The key relation between B-valued umulant funtions and free independene with amalgamation
is that freeness an be haraterized in terms of the vanishing of mixed umulants.
Theorem 2.13. ([12℄) Let C be a unital ∗-algebra, (A,E) be a B-valued probability spae and
(ρi)i∈I a family of unital ∗-homomorphisms from C into A. Then the family (ρi)i∈I is free with
amalgamation over B if and only if
κ
(pi)
E [ρ˜i1(β1)⊗ · · · ⊗ ρ˜ik(βk)] = 0
whenever i1, . . . , ik ∈ I, β1, . . . , βk ∈ C ∗B and π ∈ NC(k) is suh that π 6≤ ker i.
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2.14. The next orollary, whih follows immediately from the theorem above and moment-umulant
formula, will be used in our proof of the free de Finetti theorem.
Corollary 2.15. Let C be a unital ∗-algebra, (A,E) a B-valued probability spae and (ρi)i∈I a
family of unital ∗-homomorphisms from C into A. Then (ρi)i∈I is freely independent with respet
to E if and only if
E[ρ˜i1(β1) · · · ρ˜ik(βk)] =
∑
pi∈NC(k)
pi≤ker i
κ
(pi)
E [ρ˜i1(β1)⊗ · · · ⊗ ρ˜ik(βk)]
for every β1, . . . , βk ∈ C ∗B and i1, . . . , ik ∈ I.
2.16. Compat Quantum Groups. Here we give the basi denitions of ompat quantum
groups and their oations. For further details the reader is referred to [13℄.
Denition 2.17. A ompat quantum group (A,∆) is a unital C∗-algebra A, together with a unital
∗-homomorphism ∆ : A→ A⊗A suh that
(i) ∆ is oassoiative, i.e. (id⊗∆) ◦∆ = (∆⊗ id) ◦∆.
(ii) ∆(A)(1 ⊗A) and ∆(A)(A ⊗ 1) are both linearly dense in A⊗A.
2.18. Remarks.
(1) Tensor produts of C
∗
-algebras will be taken to be spatial throughout this paper.
(2) A has a anonial dense ∗-subalgebra A, onsisting of matrix elements of nite dimensional
orepresentation operators, whih has the struture of a Hopf ∗-algebra.
(3) It is a fundamental theorem of Woronowiz [18℄, strengthened later by Van Daele [14℄, that
every ompat quantum group has a unique Haar state, h, whih is left and right invariant,
i.e.
(h⊗ id)∆(a) = h(a)1As(n) = (id⊗ h)∆(a)
for any a ∈ A.
Denition 2.19. A Hopf von Neumann algebra is a W
∗
-algebra A with a normal homomorphism
∆ : A → A⊗A whih is oassoiative, and a faithful normal state h whih is left and right invariant
in the sense that
(h⊗ id)∆(a) = h(a)1A = (id⊗ h)∆(a)
for every a ∈ A.
2.20. Remarks.
(i) The tensor produt ⊗ of von Neumann algebras is taken to be spatial throughout this
paper.
(ii) If (A,∆) is a ompat quantum group with Haar state h, then letting πh denote the GNS
representation for h, A = πh(A)
′′
is a Hopf von Neumann algebra with the natural indued
struture.
Denition 2.21. If B is a C∗-algebra, a right oation of the ompat quantum group (A,∆) on
B is a ∗-homomorphism α : B → B ⊗A suh that
(i) (id⊗∆) ◦ α = (α⊗ id) ◦ α.
(ii) There is a dense ∗-subalgebra B of B suh that
α(B) ⊂ B ⊗A,
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and
(id⊗ ǫ)α(b) = b, (b ∈ B),
where ǫ is the ounit of the anonial dense ∗-algebra A.
2.22. This denition is taken from [16℄, ondition (ii) above is often replaed by the equivalent
ondition that α(B)(1 ⊗A) is linearly dense in B ⊗A.
Denition 2.23. A right oation of a Hopf von Neumann algebra (A,∆) on a von Neumann
algebra B is a normal homomorphism α : B → B⊗A suh that
(i) (id⊗∆) ◦ α = (α⊗ id) ◦ α.
(ii) α(B)(1 ⊗ A) is linearly dense in B⊗B.
Denition 2.24. Given a right oation α of a ompat quantum group (resp. Hopf von Neumann
algebra) (A,∆) on a C∗-algebra (resp. von Neumann algebra) B, the xed point algebra Bα of the
ation α is
Bα = {b ∈ B : α(b) = b⊗ 1}.
A bounded (resp. ultraweakly ontinuous) linear funtional φ on B is said to be invariant under α
if
(φ ⊗ id)α(b) = φ(b)1A.
for any b ∈ B.
2.25. Quantum Permutation Group. Wang introdued the following nonommutative analogue
of Sn in [16℄, and showed that it is the quantum automorphism group of a set with n points. For
further information see [1℄,[2℄.
Denition 2.26. A matrix (uij)1≤i,j,≤n ∈Mn(A), where A is a unital C
∗
-algebra, is alled a magi
unitary if
(i) uij is a projetion for eah 1 ≤ i, j ≤ n.
(ii) uikuil = 0 and ukjulj = 0 if 1 ≤ i, j, k, l ≤ n and k 6= l.
(iii) For eah 1 ≤ i, j ≤ n,
n∑
k=1
uik = 1,
n∑
k=1
ukj = 1.
The quantum permutation group As(n) is dened as the universal C
∗
-algebra generated by elements
{uij : 1 ≤ i, j ≤ n} suh that (uij) is a magi unitary. As(n) is a ompat quantum group with
omultipiation, ounit and antipode given by
∆(uij) =
n∑
k=1
uik ⊗ ukj
ǫ(uij) = δij
S(uij) = uji.
The existene of these maps is given by the universal property of As(n).
For eah n there is a surjetive unital ∗-homomorphism ωn : As(n+ 1)→ As(n), determined by
ωn(uij) =
{
uij , 1 ≤ i, j ≤ n
1, otherwise
.
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It is easy to see that
∆ ◦ ωn = (ωn ⊗ ωn) ◦∆,
i.e. As(n) is a quantum subgroup of As(n+ 1).
The anonial dense ∗-Hopf algebra As(n) of As(n) is the ∗-algebra generated by the elements
uij . We will denote the unique Haar state on As(n) by ψn, and the Hopf von Neumann algebra
πψn(As(n))
′′
by As(n), where πψn is the GNS representation for ψn.
For n = 1, 2, 3, As(n) is just C(Sn). For n ≥ 4, As(n) is nonommutative and innite dimen-
sional.
2.27. The Haar State. For n ≥ 4, an expliit formula for ψn has been given in [2℄. Let Gkn(π, σ)
be the matrix indexed by π, σ ∈ NC(k), suh that
Gkn(π, σ) = n
|pi∨σ|.
Note that join is taken in the lattie P(k), so that π ∨ σ is not neessarily non-rossing. Let
Wkn = G
−1
kn , then for any 1 ≤ i1, j1, . . . , ik, jk ≤ n we have the integration formula
ψn (ui1j1 · · ·uikjk) =
∑
pi,σ∈NC(k)
pi≤ker i
σ≤ker j
Wkn(π, σ)
In partiular,
ψn (uij) =
1
n
for 1 ≤ i, j ≤ n. For n = 1, 2, 3 the Haar state on As(n) = C(Sn) is given by integrating against
the Haar measure on Sn.
3. Lifting oations with invariant states
In this setion we give a general result on extending oations of ompat quantum groups on unital
∗-algebras whih preserve a state. This builds upon results in [17℄.
Proposition 3.1. Let (A,∆) be a ompat quantum group with anonial dense Hopf ∗-subalgebra
A. Let B be a ∗-algebra and α : B → B⊗A a right oation. Let ϕ be a state on B suh that B ats
by bounded operators on the GNS Hilbert spae (Hϕ, ξϕ). Let πϕ denote the GNS representation
of B on Hϕ and set B = C
∗(πϕ(B)). If ϕ is invariant under α, then α lifts to a right oation
α˜ : B → B ⊗ A, determined by
α˜(πϕ(b)) = (πϕ ⊗ id)α(b)
for b ∈ B. Moreover, the xed point algebra Beα is the norm losure of πϕ(B
α).
Proof. Dene an A-valued inner produt on the algebrai tensor produt Hϕ ⊙A by
〈η1 ⊗ a1, η2 ⊗ a2〉 = 〈η1, η2〉 a
∗
1a2.
The ompletion E = Hϕ ⊗ A is then a Hilbert A-module with the natural right ation of A. It is
shown in ([10℄, 4) that the ∗-homomorphism π : B ⊗A→ LA(E) determined by
π(b ⊗ a)(η ⊗ a′) = (b(η)⊗ aa′)
is isometri.
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Let iϕ : B → H be the map iϕ(b) = πϕ(b)ξϕ. We laim that (iϕ ⊗ id)α(B)A is linearly dense in
E. Indeed, let b ∈ B, then
α(b) =
n∑
i=1
bi ⊗ ai
for some b1, . . . , bn ∈ B, a1, . . . , an ∈ A. Let ǫ denote the ounit of A, then (id⊗ ǫ)α(b) = b sine α
is a oation. Let S denote the antipode of A, and 1 : C → A the unit. Then
b⊗ 1A = (id⊗ 1 ◦ ǫ)α(b)
= (id⊗ µ ◦ (id⊗ S))(id⊗∆)α(b)
= (id⊗ µ ◦ (id⊗ S))(α⊗ id)α(b)
=
n∑
i=1
α(bi)S(ai).
It follows that the linear span of α(B)A is B ⊗A whih proves the laim.
Now sine π : B⊗A→ LA(E) is isometri, to prove that α extends to B it sues to show that
‖π((πϕ ⊗ id)α(b))‖ ≤ ‖πϕ(b)‖ for b ∈ B. Sine (iϕ ⊗ id)α(B)A is linearly dense in E, it sues to
show that ∥∥∥∥π((πϕ ⊗ id)α(b))( n∑
i=1
(iϕ ⊗ id)α(bi)ai
)∥∥∥∥ ≤ ‖πϕ(b)‖ ∥∥∥∥ n∑
i=1
(iϕ ⊗ id)α(bi)ai
∥∥∥∥
for any hoie of b, b1, . . . , bn ∈ B, a1, . . . , an ∈ A. First note that∥∥∥∥ n∑
i=1
iϕ(bi)⊗ ai
∥∥∥∥2 = ∥∥∥∥ ∑
1≤i,j≤n
ϕ(b∗i bj)a
∗
i aj
∥∥∥∥
=
∥∥∥∥ ∑
1≤i,j≤n
(ϕ⊗ id)
[
(1⊗ a∗i )α(b
∗
i bj)(1⊗ aj)
]∥∥∥∥
=
∥∥∥∥ n∑
i=1
(iϕ ⊗ id)α(bi)ai
∥∥∥∥2,
where we have used the invariane of the state ϕ. We then have∥∥∥∥π((πϕ ⊗ id)α(b))( n∑
i=1
(iϕ ⊗ id)α(bi)ai
)∥∥∥∥2 = ∥∥∥∥ n∑
i=1
(iϕ ⊗ id)α(bbi)ai
∥∥∥∥2
=
∥∥∥∥ n∑
i=1
iϕ(bbi)⊗ ai
∥∥∥∥2
≤ ‖πϕ(b)‖
2
∥∥∥∥ n∑
i=1
iϕ(bi)⊗ ai
∥∥∥∥2
= ‖πϕ(b)‖
2
∥∥∥∥ n∑
i=1
(iϕ ⊗ id)α(bi)ai
∥∥∥∥2.
So α extends to a ∗-homomorphism α˜ : B → B ⊗ A, whih by ontinuity is a right oation. The
relation between the xed point algebras is given in [17, Proposition 2.3℄. 
3.2. Combining this result with [17, Theorem 2.5℄, we obtain the following theorem.
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Theorem 3.3. Let (A,∆) be a ompat quantum group with Haar state h and anonial dense
∗-Hopf algebra A. Let B be a ∗-algebra and α : B → B ⊗ A a right oation. Let ϕ be a state on
B suh that B ats by bounded operators on the GNS Hilbert spae (Hϕ, ξϕ). Let πϕ denote the
GNS representation of B on Hϕ. Then α lifts to a oation α˜ of the Hopf von Neumann algebra
A = πh(A)
′′
on the von Neumann algebra B = πϕ(B)
′′
determined by
α˜(πϕ(b)) = (πϕ ⊗ πh)α(b)
for b ∈ B, where πh and πϕ are the GNS representations of h and ϕ, respetively. Moreover, the
xed point algebra Beα is the weak losure of πϕ(B
α). 
4. Finite quantum exhangeable sequenes
Lemma 4.1. Let C be a unital ∗-algebra. Let 1 ≤ j ≤ n and dene α
(j)
n : C → Cn ⊗As(n) by
α(j)n (c) =
n∑
i=1
c(i) ⊗ uij
for c ∈ C. Then α
(j)
n is a unital ∗-homomorphism.
Proof. It is lear by the dening relations of the projetions uij that α
(j)
n is unital and ∗-preserving.
Let c1, c2 ∈ C then
α(j)n (c1)α
(j)
n (c2) =
∑
1≤i1,i2≤n
c
(i1)
1 c
(i2)
2 ⊗ ui1jui2j
=
n∑
i=1
c
(i)
1 c
(i)
2 uij
= α(j)n (c1c2),
where we have used the fat that ui1jui2j = δi1i2ui1j . 
4.2. Let C be a unital ∗-algebra, we dene αn : Cn → Cn ⊗As(n) to be the free produt of α
(j)
n ,
i.e. αn is the unique unital ∗-homomorphism determined by
αn(c
(j)) =
n∑
i=1
c(i) ⊗ uij
for c ∈ C and 1 ≤ j ≤ n. Let c1, . . . , ck ∈ C and j1, . . . , jk ∈ I, then
(αn ⊗ id)αn(c
(j1)
1 · · · c
(jk)
k ) =
∑
1≤i1,...,ik≤n
αn(c
(i1)
1 · · · c
(ik)
k )⊗ ui1j1 · · ·uikjk
=
∑
1≤i1,...,ik≤n
( ∑
1≤l1,...,lk≤n
c
(l1)
1 · · · c
(l1)
k ⊗ ul1i1 · · ·ulkjk
)
⊗ ui1j1 · · ·uikjk
=
∑
1≤l1,...,lk≤n
c
(l1)
1 · · · c
(lk)
k ⊗
( ∑
1≤i1,...,ik≤n
ul1i1 · · ·ulkik ⊗ ui1j1 · · ·uikjk
)
=
∑
1≤l1,...,lk≤n
c
(l1)
1 · · · c
(lk)
k ⊗∆(ul1j1 · · ·ulkjk)
= (id⊗∆)αn(c
(j1)
1 · · · c
(jk)
k ).
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It is also easy to see that
(id⊗ ǫ)αn(c
(j1)
1 · · · c
(jk)
k ) = c
(j1)
1 · · · c
(jk)
k ,
so αn is a right oation of the Hopf ∗-algebra As(n) on Cn.
Denition 4.3. Let C be a unital ∗-algebra, (A,ϕ) a nonommutative probability spae, and
ρ : Cn → A a unital ∗-homomorphism. We say that the distribution ϕρ is invariant under quantum
permutations, or that the sequene (ρ1, . . . , ρn) is quantum exhangeable, if ϕρ is invariant under
the oation αn, i.e.
(ϕρ ⊗ id)αn(p) = ϕρ(p)1As(n)
for any p ∈ Cn.
4.4. Remarks.
(i) More expliitly, this amounts to the ondition that∑
1≤i1,...,ik≤n
ϕ(ρi1 (c1) · · · ρik(ck))ui1j1 · · ·uikjk = ϕ(ρj1 (c1) · · · ρjk(ck)) · 1
for any c1, . . . , ck ∈ C and 1 ≤ j1, . . . , jk ≤ n.
(ii) Let C = C〈t, t∗〉, and xj ∈ A suh that ρj(t) = xj . Then (ρ1, . . . , ρn) is quantum ex-
hangeable if and only if (x1, . . . , xn) is quantum exhangeable as dened in [9℄.
(iii) By the universal property of As(n), the sequene (ρ1, . . . , ρn) is quantum exhangeable if
and only if the equation in (i) holds for any family {uij : 1 ≤ i, j ≤ n} of projetions in a
unital C
∗
-algebra B suh that (uij) ∈Mn(B) is a magi unitary matrix.
(iv) For 1 ≤ i, j ≤ n, dene fij ∈ C(Sn) by fij(π) = δipi(j). The matrix (fij) is a magi unitary,
and the equation in (i) beomes
ϕ(ρj1(c1) · · · ρjk(ck))1C(Sn) =
∑
1≤i1,...,ik≤n
ϕ(ρi1(c1) · · · ρin(cn))fi1j1 · · · fikjk
=
∑
pi∈Sn
ϕ(ρpi(j1)(c1) · · · ρpi(jk)(ck))δpi,
where δpi ∈ Sn is the indiator funtion of {π}. So if ϕρ is invariant under quantum
permutations, then
ϕ(ρj1(c1) · · · ρjk(ck)) = ϕ(ρpi(j1)(c1) · · · ρpi(jk)(ck))
for any π ∈ Sn, so ϕρ is invariant under usual permutations and in partiular, the sequene
(ρ1, . . . , ρn) is identially distributed with respet to ϕ.
4.5. First we show that sequenes whih are freely independent and identially distributed with
respet to a onditional expetation are quantum exhangeable. This holds in a purely algebrai
ontext. The proof is a simple adaptation of the argument in [9, Proposition 3.1℄, but is inluded
for the onveniene of the reader.
Proposition 4.6. Let C be a unital ∗-algebra, (A,ϕ) a nonommutative probability spae, and let
ρ : Cn → A be a unital ∗-homomorphism. Let B ⊂ A, and suppose that there is a ϕ-preserving
onditional expetation E : A → B suh that (ρ1, . . . , ρn) is freely independent and identially
distributed with respet to E. Then (ρ1, . . . , ρn) is quantum exhangeable.
QUANTUM EXCHANGEABLE SEQUENCES 12
Proof. Let c1, . . . , ck ∈ C and 1 ≤ j1, . . . , jk ≤ n. We have∑
1≤i1,...,ik≤n
ϕ(ρi1(c1) · · · ρik(ck))ui1j1 · · ·uikjk
=
∑
1≤i1,...,ik≤n
ϕ(E[ρi1(c1) · · · ρik(ck)])ui1j1 · · ·uikjk
=
∑
1≤i1,...,ik≤n
∑
pi∈NC(k)
ϕ(κ
(pi)
E [ρi1(c1)⊗ · · · ⊗ ρik(ck)])ui1j1 · · ·uikjk .
Now sine ρ1, . . . , ρn are freely independent with respet to E, κ
(pi)
E [ρi1(c1) ⊗ · · · ⊗ ρik(ck)] is zero
unless π ≤ ker i. Moreover, sine ρ1, . . . , ρn are identially distributed, the value of κ
(pi)
E [ρi1(c1) ⊗
· · · ⊗ ρik(ck)] is the same for any 1 ≤ i1, . . . , ik ≤ n suh that π ≤ ker i. We denote this value by
κ
(pi)
E . We then have∑
1≤i1,...,ik≤n
ϕ(ρi1(c1) · · · ρik(ck))ui1j1 · · ·uikjk =
∑
1≤i1,...,ik≤n
∑
pi∈NC(k)
pi≤ker i
ϕ(κ
(pi)
E )ui1j1 · · ·uikjk
=
∑
pi∈NC(k)
ϕ(κ
(pi)
E )
∑
1≤i1,...,ik≤n
pi≤ker i
ui1j1 · · ·uikjk .
Next we laim that if π ∈ NC(k), then
∑
1≤i1,...,ik≤n
pi≤ker i
ui1j1 · · ·uikjk =
{
1As(n), π ≤ ker j
0, otherwise
.
We prove this by indution on the number of bloks of π. If π = 1k has only one blok, we have∑
1≤i1,...,ik≤n
pi≤ker i
ui1j1 · · ·uikjk =
n∑
i=1
uij1 · · ·uijk
=
{
1As(n), j1 = · · · = jk
0, otherwise
.
Otherwise let V = {l+ 1, . . . , l+ s} be an interval of π. Then∑
1≤i1,...,ik≤n
pi≤ker i
ui1j1 · · ·uikjk =
∑
1≤i1,...,il,il+s+1,...,ik≤n
pi≤ker i
ui1j1 · · ·
( n∑
i=1
uijl+1 · · ·uijl+s
)
· · ·uikjk
whih as seen above is equal to 0 unless V is a blok of ker j, in whih ase this is equal to∑
1≤i1,...,il,il+s+1,...,ik≤n
(pi\V )≤ker i
ui1j1 · · ·uiljluil+s+1jl+s+1 · · ·uikjk .
By indution, this is equal to zero unless (π \ V ) ≤ (ker j \ V ), in whih ase it is equal to 1As(n).
The laim follows by indution.
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It then follows that∑
1≤i1,...,ik≤n
ϕ(ρi1 (c1) · · · ρik(ck))ui1j1 · · ·uikjk =
∑
pi∈NC(k)
pi≤ker j
ϕ(κ
(pi)
E )1As(n)
= ϕ(ρj1 (c1) · · · ρjk(ck))1As(n).
By the remark in (4.4), the sequene (ρ1, . . . , ρn) is quantum exhangeable.

4.7. Throughout the rest of the setion, C will be a unital ∗-algebra, (M,ϕ) will be a W∗-probability
spae, and ρ : Cn →M a unital ∗-homomorphism. ByMn we will denote the von Neumann algebra
generated by ρ(Cn), and we set ϕn = ϕ|Mn . We dene
QEn = W
∗
(
{ρ(c) : c ∈ Cαnn }
)
,
where Cαnn is the xed point algebra of the oation αn.
Proposition 4.8. Suppose that (ρ1, . . . , ρn) is quantum exhangeable. Then there is a right oation
α˜n :Mn →Mn ⊗ As(n) of the Hopf von Neumann algebra As(n) on Mn determined by
α˜n(ρ(c)) = (ρ⊗ πψn)αn(c)
for c ∈ Cn. Moreover,
M eαnn = QEn.
Proof. Sine the GNS-representation for ϕρ is naturally identied with ρ, the result follows from
Theorem 3.3. 
4.9. The basi example of a nite exhangeable sequene whih is not onditionally independent
is the urn sequene (ξ1, . . . , ξn) obtained by sampling without replaement from the set {1, . . . , n}.
The distribution of this sequene is given by
E[ξk11 · · · ξ
kn
n ] =
1
n!
∑
pi∈Sn
ξk1pi(1) · · · ξ
kn
pi(n),
whih is the integral of the permutation ation of Sn with respet to the Haar measure. Any nite
exhangeable sequene is onditionally of this form ([8, Proposition 1.8℄).
A nonommutative analogue of this sequene was given by Köstler and Speiher in [9℄, where
the integral over Sn is replaed by an integral over As(n). The following proposition shows that,
as in the lassial ase, all nite quantum exhangeable sequenes are onditionally of this form.
Proposition 4.10. Suppose that (ρ1, . . . , ρn) is quantum exhangeable. Then there is a ϕn-
preserving onditional expetation EQEn :Mn → QEn, determined by
EQEn = (id⊗ ψn) ◦ α˜n.
More expliitly, for β1, . . . , βk ∈ C ∗ QEn and 1 ≤ j1, . . . , jk ≤ n, we have
EQEn [ρ˜j1(β1) · · · ρ˜jk(βk)] =
∑
1≤i1,...,ik≤n
ρ˜i1(β1) · · · ρ˜ik(βk)ψn(ui1j1 · · ·uikjk).
Proof. It follows easily from the invariane of the Haar state that
EQEn = (id⊗ ψn) ◦ α˜n
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determines a ϕn-preserving onditional expetation from Mn onto the xed point algebra QEn of
the oation α˜n. For the seond statement, it sues to show that if β ∈ C ∗ QEn and 1 ≤ j ≤ n,
then
α˜n(ρ˜j(β)) =
n∑
i=1
ρ˜i(β)⊗ uij .
Let b0, . . . , bk ∈ QEn, c1, . . . , ck ∈ C and 1 ≤ j ≤ n. Then
α˜n(ρ˜j(b0c1 · · · ckbk)) = α˜n(b0ρj(c1) · · · ρj(ck)bk)
=
∑
1≤i1,...,ik≤n
b0ρi1(c1) · · · ρik(ck)bk ⊗ ui1j · · ·uikj
=
∑
1≤i≤n
b0ρi(c1) · · · ρi(ck)bk ⊗ uij
=
∑
1≤i≤n
ρ˜i(b0c1 · · · ckbk)⊗ uij ,
where we have used the fat that α˜n(bl) = bl ⊗ 1 for 0 ≤ l ≤ k. The result now follows. 
4.11. We will now prepare to prove an approximation to the free de Finetti theorem for nite
quantum exhangeable sequenes. We will need the following estimate on the entries of Wkn (this
improves the estimate given in [2, Lemma 4.1℄).
Lemma 4.12. Fix k ∈ N, and π, σ ∈ NC(k). Then
(i) Wkn(π, σ) = O(n
|pi∨σ|−|pi|−|σ|).
(ii) If π ≤ σ, then
Wkn(π, σ) = µk(π, σ)n
−|pi| +O(n−|pi|−1),
where µk is the Möbius funtion of NC(k).
Proof. First note that
Gkn = Θ
1/2
kn (1 + Bkn)Θ
(1/2)
kn ,
where
Θkn(π, σ) =
{
n|pi| π = σ,
0 π 6= σ,
Bkn(π, σ) =
0 π = σ,n|pi∨σ|− |pi|+|σ|2 π 6= σ.
Therefore
Wkn = Θ
−1/2
kn (1 +Bkn)
−1Θ
−1/2
kn .
Note that Bkn is O(n
−1/2), in partiular for n suiently large 1 +Bkn is invertible and
(1 +Bkn)
−1 = 1− Bkn +
∑
l≥1
(−1)l+1Bl+1kn ,
and hene
Wkn(π, σ) =
∑
l≥1
(−1)l+1(Θ
−1/2
kn B
l+1
kn Θ
−1/2
kn )(π, σ) +
{
n−|pi|, π = σ
−n|pi∨σ|−|pi|−|σ|, π 6= σ
.
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Now for l ≥ 1 we have
(Θ
−1/2
kn B
l+1
kn Θ
−1/2
kn )(π, σ) =
∑
ν1,...,νl∈NC(k)
pi 6=ν1 6=···6=νl 6=σ
n|pi∨ν1|+|ν1∨ν2|+···+|νl∨σ|−|ν1|−···−|νl|−|pi|−|σ|.
So to prove (i) it sues to show that if ν1, . . . , νl ∈ NC(k), then
|π ∨ ν1|+ |ν1 ∨ ν2|+ · · ·+ |νl ∨ σ| ≤ |π ∨ σ|+ |ν1|+ · · ·+ |νl|.
We will need the following fat ([3, I.8, Example 9℄): If ν, τ ∈ P(k) then
|ν|+ |τ | ≤ |ν ∨ τ |+ |ν ∧ τ |.
(This amounts to the fat that P(k) is a semi-modular lattie).
We will now prove the laim by indution on l, for l = 1 we may apply the formula above to nd
|π ∨ ν|+ |ν ∨ σ| ≤ |(π ∨ ν) ∨ (ν ∨ σ)|+ |(π ∨ ν) ∧ (ν ∨ σ)|
≤ |π ∨ σ|+ |ν|.
Now let l > 1, by indution we have
|π ∨ ν1|+ |ν1 ∨ ν2|+ · · ·+ |νl−1 ∨ νl| ≤ |π ∨ νl|+ |ν1|+ · · ·+ |νl−1|.
Also |νl ∨ σ| ≤ |π ∨ σ|+ |νl| − |π ∨ νl|, and the result follows.
To prove (ii), suppose π, σ ∈ NC(k) and π ≤ σ. The terms whih ontribute to order n−|pi| in
the expansion ome from sequenes ν1, . . . , νl ∈ NC(k) suh that π 6= ν1 6= · · · 6= νl 6= σ and
|π ∨ ν1|+ · · ·+ |νl ∨ σ| = |σ|+ |ν1|+ · · ·+ |νl|.
Sine |π ∨ ν1| ≤ |ν1|, |ν1 ∨ ν2| ≤ |ν2|, . . . , |νl ∨ σ| ≤ σ, it follows that eah of these must be an
equality, whih implies π < ν1 < · · · < νl < σ. Conversely, any ν1, . . . , νl ∈ NC(k) suh that
π < ν1 < · · · < νl < σ learly satisfy this equation. Therefore the oeient of n
−|pi|
in Wkn(π, σ)
is {
1, π = σ
−1 +
∑∞
l=1(−1)
l+1|{ν1, . . . , νl ∈ NC(k) : π < ν1 < · · · < νl < σ}|, π < σ
.
whih is preisely µk(π, σ). 
4.13. To get a handle on the onditional expetation EQEn , we will need the following lemma.
Lemma 4.14. Let β1, . . . , βk ∈ C ∗ QE and 1 ≤ j1, . . . , jk ≤ n. If π ∈ NC(k), π ≤ ker j, then
E
(pi)
QEn
[ρ˜j1(β1)⊗ · · · ⊗ ρ˜jk(βk)] =
1
n|pi|
∑
1≤i1,...,ik≤n
pi≤ker i
ρ˜i1(β1) · · · ρ˜ik(βk).
Proof. We will prove the lemma by indution on the number of bloks of π. If π = 1k, then
j1 = · · · = jk = j and
E
(pi)
QEn
[ρ˜j1(β1)⊗ · · · ⊗ ρ˜jk(βk)] = EQEn [ρ˜j1(β1) · · · ρ˜jk(βk)]
=
∑
1≤i1,...,ik≤n
ρ˜i1(β1) · · · ρ˜ik(βk)ψn(ui1j · · ·uikj)
=
1
n
n∑
i=1
ρ˜i(β1) · · · ρ˜i(βk).
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Otherwise let V = {l+ 1, . . . , l+ s} be an interval of π. Then
1
n|pi|
∑
1≤i1,...,ik≤n
pi≤ker i
ρ˜i1(β1) · · · ρ˜ik(βk)
=
1
n|pi|−1
∑
1≤i1,...,il,il+s+1,...,ik≤n
(pi\V )≤ker i
ρ˜i1(β1) · · ·
(
1
n
n∑
i=1
ρ˜i(βl+1) · · · ρ˜i(βl+s)
)
· · · ρ˜ik(βk)
=
1
n|pi|−1
∑
1≤i1,...,il−1,il+s+1,...,ik≤n
(pi\V )≤ker i
ρ˜i1(β1) · · ·
(
EQEn [ρ˜il+1(βl+1) · · · ρ˜il+s(βl+s)]
)
· · · ρ˜ik(βk).
By indution, this is equal to
E
(pi\V )
QEn
[ρ˜j1(β1)⊗ · · · ⊗ ρ˜jl(βl)EQEn [ρ˜jl+1(βl+1) · · · ρ˜jl+s(βl+s)]⊗ · · · ⊗ ρ˜jk(βk)],
whih by denition is equal to
E
(pi)
QE
[ρ˜j1(β1)⊗ · · · ⊗ ρ˜jk(βk)].

4.15. We are now prepared to give our approximation result.
Theorem 4.16. Let C be a unital ∗-algebra, (M,ϕ) a W∗-probability spae and (ρi)1≤i≤n a fam-
ily of unital ∗-homomorphisms of C into M . Suppose that the sequene (ρ1, . . . , ρn) is quantum
exhangeable. Then if (φ1, . . . , φn) is a sequene of unital ∗-homomorphisms from C into a QEn-
valued probability spae (A,E) whih is free and identially distributed with respet to E and suh
that E◦φ1 = E◦ρ1, then for any 1 ≤ j1, . . . , jk ≤ n and β1, . . . , βk ∈ C∗QEn suh that ‖ρ˜1(βi)‖ ≤ 1
for 1 ≤ i ≤ k, we have∥∥∥∥EQE[ρ˜j1(β1) · · · ρ˜jk(βk)]− E[φ˜j1(β1) · · · φ˜jk (βk)]∥∥∥∥ ≤ Dkn ,
where Dk is a universal onstant whih depends only on k.
Proof. By Corollary 2.15,
E[φ˜j1 (β1) · · · φ˜jk (βk)] =
∑
σ∈NC(k)
σ≤ker j
κ
(σ)
E [φ˜j1 (β1)⊗ · · · ⊗ φ˜jk(βk)]
=
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
pi≤σ
µk(π, σ)E
(pi)[φ˜j1(β1)⊗ · · · ⊗ φ˜jk(βk)].
Sine E ◦ φ˜j = E ◦ ρ1 for 1 ≤ j ≤ n, it follows by indution that
E(pi)[φ˜j1 (β1)⊗ · · · ⊗ φ˜jk (βk)] = E
(pi)
QEn
[ρ˜1(β1)⊗ · · · ⊗ ρ˜1(βk)]
for any π ∈ NC(k), π ≤ ker j. Plugging this in above and applying Lemma 4.14, we have
E[φ˜j1 (β1) · · · φ˜jk(βk)] =
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
pi≤σ
µk(π, σ)n
−|pi|
∑
1≤i1,...,ik≤n
pi≤ker i
ρ˜i1(β1) · · · ρ˜ik(βk).
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On the other hand, we have
EQEn [ρ˜j1(β1) · · · ρ˜jk(βk)] =
∑
1≤i1,...,ik≤n
ρ˜i1(β1) · · · ρ˜ik(βk)ψn(ui1j1 · · ·uikjk)
=
∑
1≤i1,...,ik≤n
ρ˜i1(β1) · · · ρ˜ik(βk)
∑
pi,σ∈NC(k)
pi≤ker i
σ≤ker j
Wkn(π, σ)
=
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
Wkn(π, σ)
∑
1≤i1,...,ik≤n
pi≤ker i
ρ˜i1(β1) · · · ρ˜ik(βk).
Now sine ‖ρ˜1(βl)‖ ≤ 1 for 1 ≤ l ≤ k, and (ρ1, . . . , ρk) are identially distributed with respet
to the faithful state ϕ, it follows that ‖ρ˜m(βl)‖ ≤ 1 for any 1 ≤ m ≤ n, 1 ≤ l ≤ k. Therefore for
any π ∈ NC(k), ∥∥∥∥ ∑
1≤i1,...,ik≤n
pi≤ker i
ρ˜i1(β1) · · · ρ˜ik(βk)
∥∥∥∥ ≤ n|pi|.
Combining these equations, we nd that∥∥∥∥EQEn [ρ˜i1(β1) · · · ρ˜ik(βk)]− E[φ˜i1 (β1) · · · φ˜ik (βk)]∥∥∥∥ ≤ ∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
|Wkn(π, σ)n
|pi| − µk(π, σ)|.
Setting
Dk = sup
n∈N
n ·
∑
pi,σ∈NC(k)
|Wkn(π, σ)n
|pi| − µk(π, σ)|,
whih is nite by Lemma 4.12, ompletes the proof.

5. Infinite quantum exhangeable sequenes
Denition 5.1. Let C be a unital ∗-algebra, (A,ϕ) a nonommutative probability spae, and
(ρi)i∈N a family of unital ∗-homomorphisms from C into A. We say that ϕρ is invariant under
nite quantum permutations, or that (ρi)i∈N is quantum exhangeable, if (ρ1, . . . , ρn) is quantum
exhangeable for every n ∈ N.
5.2. This denition amounts to saying that the joint distribution of (ρ1, . . . , ρn) is invariant under
the oation αn of As(n) on Cn for eah n. It will be onvenient to extend these oations to C∞.
5.3. Let C be a unital ∗-algebra. For n ∈ N we dene βn : C∞ → C∞ ⊗ As(n) to be the unique
unital ∗-homomorphism suh that
βn(c
(j)) =
{∑n
i=1 c
(i) ⊗ uij , 1 ≤ j ≤ n
c(j) ⊗ 1As(n), j > n
for c ∈ C, whih is well-dened by the same argument as given for αn in the previous setion. Then
βn is a right oation of As(n) on C∞, moreover
(id⊗ ωn) ◦ βn+1 = βn,
and
(ιn ⊗ id) ◦ αn = βn ◦ ιn,
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where ιn : Cn → C∞ is the natural inlusion.
Proposition 5.4. Let C be a unital ∗-algebra, (A,ϕ) a nonommutative probability spae and
ρ : C∞ → A a unital ∗-homomorphism. Then (ρi)i∈N is quantum exhangeable if and only if ϕρ is
invariant under βn for eah n ∈ N.
Proof. Let ϕ
(n)
ρ : Cn → C denote the joint distribution of (ρ1, . . . , ρn), so that ϕ
(n)
ρ = ϕρ ◦ ιn.
Suppose that ϕρ is invariant under βn, then for γ ∈ Cn we have
(ϕ(n)ρ ⊗ id)αn(γ) = (ϕρ ⊗ id)βn(ιn(γ))
= ϕ(n)ρ (γ)1As(n).
For the onverse, we rst note that if ϕρ is invariant under βn, then it is invariant under βm for
m ≤ n. Indeed, it sues to show that if ϕρ is invariant βn−1. Let γ ∈ C∞, then
(ϕρ ⊗ id)βn−1(γ) = (ϕρ ⊗ id)(id⊗ ωn−1)βn(γ)
= (id⊗ ωn−1)(ϕρ(γ)⊗ 1As(n))
= ϕρ(γ)1As(n−1).
Now suppose that (ρ1, . . . , ρn) is quantum exhangeable for eah n ∈ N. Let m ∈ N and γ ∈ C∞,
then γ = ιn(γ
′) for some γ′ ∈ Cn, n ≥ m. We then have
(ϕρ ⊗ id)βn(γ) = (ϕ
(n)
ρ ⊗ id)αn(γ
′)
= ϕρ(γ)1As(n),
hene ϕρ is invariant under βm and the result follows. 
5.5. Throughout the rest of the setion, C will be a unital ∗-algebra, (M,ϕ) a W∗-probability spae
and ρ : C∞ → M a unital ∗-homomorphism. We denote the von Neumann algebra generated by
ρ(C∞) by M∞, and set ϕ∞ = ϕ|M∞ . L
2(M∞, ϕ∞) will denote the GNS Hilbert spae for ϕ∞, with
inner produt 〈m1,m2〉 = ϕ(m
∗
1m2). The strong topology on M∞ will be taken with respet to the
faithful representation on L2(M∞, ϕ∞). By a slight abuse of notation, we denote
QEn = W
∗
(
{ρ(c) : c ∈ Cβn∞ }
)
,
where Cβn∞ denotes the xed point algebra of the oation βn. Sine
(id⊗ ωn) ◦ βn+1 = βn,
it follows that QEn+1 ⊂ QEn for all n ≥ 1. We then dene the quantum exhangeable subalgebra by
QE =
⋂
n≥1
QEn.
5.6. If ϕρ is invariant under quantum permutations, then the same argument as in Proposition 4.8
shows that for eah n ∈ N, there is a right oation β˜n : M∞ →M∞ ⊗ As(n) determined by
β˜n(ρ(c)) = (ρ⊗ πψn)βn(c)
for c ∈ C∞, and moreover the xed point algebra of β˜n is preisely QEn. For eah n there is then
a ϕ∞-preserving onditional expetation EQEn :M∞ → QEn given by integrating the oation, i.e.
EQEn [m] = (id⊗ ψn)β˜n(m)
for m ∈ M∞. The next proposition shows that by taking the limit of these maps, we obtain a
ϕ∞-preserving onditional expetation onto the quantum exhangeable subalgebra.
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Proposition 5.7. Suppose that (ρi)i∈N is quantum exhangeable.
(i) For any m ∈M∞, the sequene EQEn(m) onverges in | |2 and in the strong topology to a
limit EQE(m) ∈ QE, moreover EQE is a ϕ∞-preserving onditional expetation from M∞
onto QE.
(ii) Fix π ∈ NC(k) and m1, . . . ,mk ∈M∞, then
E
(pi)
QE
[m1 ⊗ · · · ⊗mk] = lim
n→∞
E
(pi)
QEn
[m1 ⊗ · · · ⊗mk],
with onvergene in the strong topology.
Proof. Let φn = ϕ∞|QEn and let L
2(QEn, φn) denote the GNS Hilbert spae, whih an be viewed
as a losed subspae of L2(M∞, ϕ∞). Let Pn ∈ B(L
2(M∞, ϕ∞)) be the orthogonal projetion onto
L2(QEn, φn). Sine EQEn : M∞ → QEn is a onditional expetation suh that φn ◦ EQEn = ϕ∞, it
follows (see e.g. [4, Proposition II.6.10.7℄) that
EQEn(m) = PnmPn
for m ∈M∞. Sine Pn onverges strongly as n→∞ to P , where
P =
∧
n≥1
Pn
is the orthogonal projetion onto L2(QE, ϕ∞|QE), it follows that
EQEn(m)→ PmP
in | |2 and the strong operator topology as n → ∞. Set EQE(m) = PmP , then sine EQEn(m)
onverges strongly to EQE(m) it follows that EQE(m) ∈ QE, and it is then easy to see that EQE is
a ϕ∞-preserving onditional expetation.
To prove (ii), observe that if π ∈ NC(k) and m1, . . . ,mk ∈M∞, then E
(pi)
QEn
[m1 ⊗ · · · ⊗mk] is a
word in m1, . . . ,mk and Pn. For example, if
π = {{1, 8, 9, 10}, {2, 7}, {3, 4, 5}, {6}} ∈ NC(10),
1 2 3 4 5 6 7 8 9 10
then the orresponding expression is
E
(pi)
QEn
[m1 ⊗ · · · ⊗m10] = Pnm1Pnm2Pnm3m4m5Pnm6Pnm7Pnm8m9m10Pn.
Sine multipliation is jointly ontinuous on bounded sets in the strong topology, this onverges as
n goes to innity to the expression obtained by replaing Pn by P , whih is exatly E
(pi)
QE
[m1⊗· · ·⊗
mk]. 
5.8. We are now prepared to prove the free de Finetti theorem.
QUANTUM EXCHANGEABLE SEQUENCES 20
Proof of Theorem 1.1. The impliation (ii)⇒(i) follows from Proposition 4.6. For the other dire-
tion, rst note that for β ∈ C ∗ QE and j ∈ N,
EQE[ρ˜j(β)] = lim
n→∞
n∑
i=1
ρ˜i(β)ψn(uij)
= lim
n→∞
1
n
n∑
i=1
ρ˜i(β),
with onvergene in the strong topology and | |2. In partiular, the sequene (ρi)i∈N is identially
distributed with respet to EQE.
Now let j1, . . . , jk ∈ N and β1, . . . , βk ∈ C ∗ QE. As in the proof of Theorem 4.16, we have
EQE[ρ˜j1(β1) · · · ρ˜jk(βk)] = limn→∞
EQEn [ρ˜j1(β1) · · · ρ˜jk(βk)]
= lim
n→∞
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
Wkn(π, σ)
∑
1≤i1,...,ik≤n
pi≤ker i
ρ˜i1(β1) · · · ρ˜ik(βk)
= lim
n→∞
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
pi≤σ
µk(π, σ)
(
1
n|pi|
∑
1≤i1,...,ik≤n
pi≤ker i
ρ˜i1(β1) · · · ρ˜ik(βk)
)
.
Applying Lemma 4.14, we have
EQE[ρ˜i1(β1) · · · ρ˜ik(βk)] = limn→∞
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
pi≤σ
µk(π, σ)E
(pi)
QEn
[ρ˜j1(β1)⊗ · · · ⊗ ρ˜jk(βk)].
By (ii) of Proposition 5.7, we may take the limit inside to obtain
EQE[ρ˜j1(β1) · · · ρ˜jk(βk)] =
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
pi≤σ
µk(π, σ)E
(pi)
QE
[ρ˜j1(β1)⊗ · · · ⊗ ρ˜jk(βk)]
=
∑
σ∈NC(k)
σ≤ker j
κ
(σ)
EQE
[ρ˜j1(β1)⊗ · · · ⊗ ρ˜jk(βk)].
The result now follows from Proposition 2.15. 
5.9. In [9℄, Köstler and Speiher showed that a quantum exhangeable sequene (xi)i∈N in (M,ϕ)
is identially distributed and free with amalgamation over the tail algebra. We note that for a
quantum exhangeable sequene, these algebras are the same.
Proposition 5.10. Dene the tail algebra of (ρi)i∈N by
T =
⋂
n≥1
W∗
(⋃
j≥n
ρj(C)
)
.
If (ρi)i∈N is quantum exhangeable, then
QE = T.
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Proof. It is lear that T ⊂ QE, sine
W∗
(⋃
j>n
ρj(C)
)
⊂ QEn.
For the other inlusion, it sues to show that if j1, . . . , jk ∈ N and c1, . . . , ck ∈ C, then
EQE[ρj1(c1) · · · ρjk(ck)] ∈ T.
From the proof of Theorem 1.1, for any m ∈ N we have
EQE[ρj1(c1) · · · ρjk(ck)] = limn→∞
∑
σ∈NC(k)
σ≤ker j
∑
pi∈NC(k)
pi≤σ
1
n|pi|
∑
m≤i1,...,ik≤n
pi≤ker i
ρi1(c1) · · · ρik(ck),
with onvergene in the strong topology. In partiular,
EQE[ρj1(c1) · · · ρjk(ck)] ∈W
∗
( ⋃
j≥m
ρj(C)
)
.
Sine m was arbitrary,
EQE[ρj1(c1) · · · ρjk(ck)] ∈ T
whih ompletes the proof. 
5.11. The Hewitt-Savage zero-one law states that for an i.i.d. sequene of random variables, the
exhangeable σ-algebra is trivial. It is then natural to ask if the quantum exhangeable algebra
is trivial for a sequene whih is identially distributed and freely independent. Indeed this is the
ase, and follows from the more general braided Hewitt-Savage zero-one law [7, Theorem 2.5℄. Sine
this also follows easily from Theorem 1.1, we will inlude a diret proof.
Theorem 5.12. Let (ρi)i∈N be a sequene of unital ∗-homomorphisms from a unital ∗-algebra C
into a W
∗
-probability spae (M,ϕ). If the sequene is freely independent and identially distributed
with respet to ϕ, then
QE = C.
Proof. It sues to show that Kerϕ∞ ⊂ KerEQE. Sine (ρi)i∈N are freely independent, elements
of the form
ρj1(c1) · · · ρjk(ck)
where j1 6= · · · 6= jk, c1, . . . , ck ∈ C and ϕ(ρjl(cl)) = 0 for 1 ≤ l ≤ k, span a | |2 dense subspae of
Kerϕ∞. So it sues to show that
EQE[ρj1(c1) · · · ρjk(ck)] = 0
whenever j1, . . . , jk and c1, . . . , ck are as above. By Theorem 1.1, it sues to show that
EQE[ρj(c)] = 0
for any c ∈ C and j ∈ N suh that ϕ(ρj(c)) = 0. As observed in the proof of Theorem 1.1, we have
EQE[ρj(c)] = lim
n→∞
1
n
n∑
i=1
ρi(c),
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with onvergene in | |2. But∣∣∣∣ 1n
n∑
i=1
ρi(c)
∣∣∣∣2
2
=
1
n2
∑
1≤i1,i2≤n
ϕ(ρi1(c
∗)ρi2(c))
=
1
n2
∑
1≤i≤n
ϕ(ρi(c
∗c))
=
1
n
ϕ(ρ1(c
∗c)),
where we have used the fat that (ρi)i∈N is freely independent and identially distributed. Sine
this goes to zero as n goes to innity, the result follows. 
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